MATHS]

as level

EXPONENTIALS AND
LOGARITHMS

Question 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Solve the equation

2log,(x + 1)=1+log (x+7)

(3)
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Question 2
llng| WP

(0, 3.3)

(6, 2.1)

Figure 2

A chimney emits smoke particles.

On a particular day, the concentration of smoke particles in the air emitted by this
chimney, P parts per million, is measured at various distances, xkm, from the chimney.

Figure 2 shows a sketch of the linear relationship between log P and x that is used to
model this situation.

The line passes through the point (0, 3.3) and the point (6, 2.1)

(a) Find a complete equation for the model in the form
P=ab"

where a and b are constants. Give the value of @ and the value of b each to
4 significant figures.

4

(b) With reference to the model, interpret the value of ab

1)
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Question 3

p=log, 16
g = log, 25
where a is a constant.
Find in terms of p and/or ¢,

(a) log, 256

(1)
(b) log, 100

(2)
(c) log 80 xlog 3.2

(2)

elijiahmaths.com



Question 4

The prices of two precious metals are being monitored.

The price per gram of metal 4, £/, is modelled by the equation
V,= 100 +20e"*

where 7 is the number of months after monitoring began.
The price per gram of metal B, £V, is modelled by the equation

—0.02¢

V,=pe
where p is a positive constant and ¢ is the number of months after monitoring began.
Given that ¥, =2V when =0

(a) find the value of p

2)
When ¢ = T, the rate of increase in the price per gram of metal 4 was equal to the rate
of decrease in the price per gram of metal B
(b) Find the value of T, giving your answer to one decimal place.
(Solutions based entirely on calculator technology are not acceptable.)
4)
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Question 5

The distance a particular car can travel in a journey starting with a full tank of fuel
was investigated.

*  From a full tank of fuel, 40 litres remained in the car’s fuel tank after the car had

travelled 80 km

» From a full tank of fuel, 25 litres remained 1n the car’s fuel tank after the car had

travelled 200 km

Using a linear model, with } litres being the volume of fuel remaining in the car’s fuel
tank and  km being the distance the car had travelled,

(a) find an equation linking V' with d.
4)

Given that, on a particular journey

» the fuel tank of the car was initially full

* the car continued until it ran out of fuel

find, according to the model,

(b) (1) the initial volume of fuel that was in the fuel tank of the car,

(1) the distance that the car travelled on this journey.

3
In fact the car travelled 320 km on this journey.

(c) Evaluate the model in light of this information.

(1)
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Question 6

Using the laws of logarithms, solve the equation

2logs(3x - 2) - logsx = 2
S}
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Question 7

. The height, i metres, of a plant, ¢ years after it was first measured, is modelled by
the equation

h=23-17¢% teR =20
Using the model,

(a) find the height of the plant when it was first measured,

(2)
(b) show that, exactly 4 years after it was first measured, the plant was growing at
approximately 15.3 cm per year.
3
According to the model, there is a limit to the height to which this plant can grow.
(c) Deduce the value of this limit.
1)
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Question 8
The mass, 4 kg, of algae in a small pond, is modelled by the equation

A=pq’

where p and ¢ are constants and 7 is the number of weeks after the mass of algae was
first recorded.

Data recorded indicates that there is a linear relationship between ¢ and log, A given by
the equation

log ;4 =0.03t+0.5

(a) Use this relationship to find a complete equation for the model in the form

A=pq’
giving the value of p and the value of g each to 4 significant figures.
(4)
(b) With reference to the model, interpret
(i) the value of the constant p,
(i1) the value of the constant g.
(2)

(c¢) Find, according to the model,
(1) the mass of algae in the pond when r = 8, giving your answer to the nearest 0.5 kg,

(i1) the number of weeks it takes for the mass of algae in the pond to reach 4 kg.

3

(d) State one reason why this may not be a realistic model in the long term.

1)
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Question 9

In this question you must show all stages of your working,.

Solutions relying entirely on calculator technology are not acceptable.

The air pressure, Pkg/cm?, inside a car tyre, ¢ minutes from the instant when the tyre
developed a puncture is given by the equation

P=k+14c™™ teR t20

where k is a constant.
Given that the initial air pressure inside the tyre was 2.2kg/cm’

(a) state the value of k.

(1)
From the instant when the tyre developed the puncture,
(b) find the time taken for the air pressure to fall to 1 kg/cm’
Give your answer in minutes to one decimal place.
3
(c) Find the rate at which the air pressure in the tyre is decreasing exactly 2 minutes
from the instant when the tyre developed the puncture.
Give your answer in kg/cm’ per minute to 3 significant figures.
(2)
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Question 10

(a) Given that p = log, x, where x > 0, find in simplest form in terms of p,

. X
(1) ]083 (a)

(i) log, (V)

(2)
(b) Hence, or otherwise, solve
x
2log, 9t 310g_‘(\f;) =-11
giving your answer as a simplified fraction.
Solutions relying on calculator technology are not acceptable.
4

12
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Question 11

The owners of a nature reserve decided to increase the area of the reserve covered by trees.
Tree planting started on 1st January 2005.
The area of the nature reserve covered by trees, A km’, is modelled by the equation
A= 80— 45¢"
where ¢ is a constant and ¢ is the number of years after 1st January 2005.
Using the model,

(a) find the area of the nature reserve that was covered by trees just before tree planting
started.

)
On 1Ist January 2019 an area of 60km’ of the nature reserve was covered by trees.

(b) Use this information to find a complete equation for the model, giving your value
of ¢ to 3 significant figures.

4

On Ist January 2020, the owners of the nature reserve announced a long-term plan to
have 100km’ of the nature reserve covered by trees.

(c) State a reason why the model is not appropriate for this plan.

(1)

13
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Question 12

|

log 4 4

225

0 log ,m

Figure 2

The resting heart rate, 4, of a mammal, measured in beats per minute, is modelled by the
equation

h=pm?

where p and ¢ are constants and m is the mass of the mammal measured in kg.
Figure 2 illustrates the linear relationship between log, A and log, ;m
The line meets the vertical log /4 axis at 2.25 and has a gradient of —0.235

(a) Find, to 3 significant figures, the value of p and the value of g.

3
A particular mammal has a mass of 5kg and a resting heart rate of 119 beats per minute.
(b) Comment on the suitability of the model for this mammal.

3
(c) With reference to the model, interpret the value of the constant p.

(1)

14
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Question 13

In 1997 the average CO, emissions of new cars in the UK was 190 g/km.
In 2005 the average CO, emissions of new cars in the UK had fallen to 169 g/km.

Given 4 g/km is the average CO, emissions of new cars in the UK » years after 1997 and
using a linear model,

(a) form an equation linking 4 with »n.

(3)
In 2016 the average CO, emissions of new cars in the UK was 120 g/km.

(b) Comment on the suitability of your model in light of this information.

(3
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Question 14

The temperature, @°C, of a cup of tea t minutes after it was placed on a table in a room,
is modelled by the equation

1

0=18+65 * (=0
Find, according to the model,

(a) the temperature of the cup of tea when it was placed on the table,
(1)

(b) the value of ¢, to one decimal place, when the temperature of the cup of tea was 35°C.

(3)

(c) Explain why, according to this model, the temperature of the cup of tea could not fall
to 15°C.
(1)

u A

(0, 94) 4

(0]

Figure 2

The temperature, ¢ °C, of a second cup of tea t minutes after it was placed on a table in a
different room, is modelled by the equation

i

u=A+Be ® 120
where 4 and B are constants.
Figure 2 shows a sketch of g against ¢ with two data points that lie on the curve.
The line /, also shown on Figure 2, is the asymptote to the curve.
Using the equation of this model and the information given in Figure 2

(d) find an equation for the asymptote /.
C))

17
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Question 15

An advertising agency is monitoring the number of views of an online advert.

The equation

log, V=0.072t+2379  1<1<30,eN

is used to model the total number of views of the advert, I, in the first ¢ days after the
advert went live.

(a) Show that ¥ = ab’ where a and b are constants to be found.

Give the value of @ to the nearest whole number and give the value of b to
3 significant figures.

4)
(b) Interpret, with reference to the model, the value of ab.
1)
Using this model, calculate
(c) the total number of views of the advert in the first 20 days after the advert went live.
Give your answer to 2 significant figures.
(2)

19
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Question 16

A tree was planted in the ground.
Its height, /{ metres, was measured ¢ years after planting.

Exactly 3 years after planting, the height of the tree was 2.35 metres.
Exactly 6 years after planting, the height of the tree was 3.28 metres.

Using a linear model,

(a) find an equation linking /1 with z.

(3)
The height of the tree was approximately 140 cm when it was planted.

(b) Explain whether or not this fact supports the use of the linear model in part (a).

(2)
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Question 17
The value of a car, £F, can be modelled by the equation
V'=15700e %% + 2300 telR, t=0

where the age of the car is ¢ years.
Using the model,

(a) find the initial value of the car.

(1)

Given the model predicts that the value of the car is decreasing at a rate of £500 per year
at the instant when ¢t = T,

(b) (1) show that
3925¢ 7= 500

(i1) Hence find the age of the car at this instant, giving your answer in years and
months to the nearest month.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(6)
The model predicts that the value of the car approaches, but does not fall below, £4.
(c) State the value of A.

1)
(d) State a limitation of this model. .
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Question 18

A student’s attempt to solve the equation 2log, x — log, Jx =3 is shown below.

2log, x — log, Jx =3

2log, (i) =3 using the subtraction law for logs
\Jx

2log, (\/;) =3 simplifying

log, x =3 using the power law for logs

x=3=9 using the definition of a log

(a) Identify two errors made by this student, giving a brief explanation of each.

(b) Write out the correct solution.
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